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We propose to study the transition from a nodal loop to nodal chain phase in a tunable two-
dimensional pi-flux lattice with periodical modulation potential. The Hamiltonian describes a pe-
riodically modulated optical lattice system under artificial magnetic fluxes and the tunable modu-
lation phase factor provides additionally an artificial dimension of external parameter space. We
demonstrate that this lattice system is able to describe a semimetal with either nodal loop or nodal
chain Fermi surface in the extended three-dimensional Brillouin zone. By changing the strength
of modulation potential V , we realize the transformation between the nodal-loop and nodal-chain
semimetal.
I. INTRODUCTION
During the past few years, topological semimetals have
attracted intensive studies in the field of condensed mat-
ter physics [1–13], which opens a new window for ex-
ploring topological phases beyond the topological insu-
lators and superconductors [14, 15]. Depending on the
geometrical structure of the touching surface of conduc-
tion and valence bands, a topological semimetal may be
a Weyl semimetal or a nodal line semimetal. While a
Weyl semimetal has discrete band-crossing points in the
Brillouin zone, the band-crossing points of a nodal line
semimetal generally form closed loops or rings [16, 17],
due to the periodicity of the Brillouin zone. Several theo-
retical calculated materials have been proposed to realize
nodal line semimetals, which have separated nodal-loop
Fermi surfaces and host ’drumhead’ surface states [18].
More recently, theoretical calculations unveil the exis-
tence of the nodal chain semimetals in the material of
iridum tetrafluoride (IrF4) [19], in AlB2-type TiB2 and
ZrB2 [20] and also W-C-type HfC [21], with the nodal
chain composed of several connected nodal rings. Exper-
imental observation of nodal chains in a metallic-mesh
photonic crystal has been reported very recently [22].
Besides the progress for exploring topological semimet-
als in real materials, significant advances have been
made in some artificial systems, such as photonic and
acoustic crystals [23–26] and cold atomic systems [27–
37]. Schemes of realizing Weyl [27–35] and nodal-ring
semimetals [36, 37] in three-dimensional (3D) optical lat-
tices with laser-assisted tunneling have been theoretically
proposed. So far, the cold atomic systems provide a pow-
erful platform with unparalleled controllability towards
studying topological states of matter. Some celebrated
topological models, e.g., the Harper-Hofstadter model
∗ schen@iphy.ac.cn
[38, 39] and Haldane model [40], have been already real-
ized [41–44] experimentally in optical lattices. In com-
parison with traditional condensed matter systems, the
good tunability of cold atomic systems also provides fea-
sible schemes for the simulation and detection of topo-
logical states with an artificial dimension in a lower di-
mensional optical lattice. A typical example system is
the one-dimensional (1D) superlattice system, where the
phase factor in the periodical or quasiperidocal modula-
tion potential plays a role of artificial dimension and thus
the 1D superlattice system is effectively connected to the
two-dimensional (2D) Hall system [45]. If the phase fac-
tor is time-dependently tunable, it is possible to real-
ize the topological charge pump in the 1D superlattice
system [46, 47], which has been experimentally observed
recently [48, 49].
In this work, we propose to study the nodal-line
semimetal in a 2D optical lattice with periodical mod-
ulation potential. By changing the strength of the mod-
ulation potential, the transformation between nodal-line
semimetal and nodal-chain semimetal occurs. The paper
is organized as follows: In Sec. II, we introduce the peri-
odically modulated model in the 2D optical lattice with a
tunable parameter δ. We calculate the energy dispersion
and discuss the shape of Fermi surface under different
value of modulation potential strength, which indicates
a transition from a nodal-loop to nodal-chain semimetal.
Density of state is also calculated to illustrate the tran-
sition. Finally, we give a brief summary in Sec. III.
II. MODEL AND RESULTS
We first consider a 2D square lattice model with a spa-
tially varying hopping phase, as described by the Hamil-
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FIG. 1. A schematic diagram of optical lattice. (a) Two
dimension optical lattice with a phase φ acquired in each cell.
(b) Periodic modulated optical lattice in the y direction with
four kinds sublattice (A, B, C, D for four kinds of color: blue,
green, yellow, orange). m,n represent coordinates in the x
and y direction, respectively. Solid black lines represent the
hopping processes with phase 0 and dash black lines represent
the processes with phase pi.
tonian
Ht = −t
∑
〈m,n〉
(e−iφm,n aˆ†m+1,n+1aˆm,n+aˆ
†
m−1,n+1aˆm,n+h.c.)
(1)
with aˆ (aˆ†) the annihilation (creation) operator and t the
hopping amplitude. The summation of 〈m,n〉 runs over
all lattice points. A flux of φ can be acquired in each
square by choosing φm,n = nφ, which simulates a per-
pendicular uniform magnetic field, as shown in Fig.1(a).
This model has been experimentally realized in optical
lattice with two pairs of counter-propagating laser beams
in x+ y and x− y directions [41, 42]. Starting from this
model, we introduce additionally a third pair of laser
beams in the y direction, which addresses a periodically
modulated on-site potential along the y axis and can be
described by
HV = V
∑
(m,n)
cos(2piαn+ δ)nˆm,n, (2)
where nˆm,n = aˆ
†
m,naˆm,n, V is the strength of the poten-
tial, α is a rational number that determines the period
of the potential, and δ is an arbitrary phase. As δ can
continuously vary from 0 to 2pi, it provides an artificial
dimension to simulate a higher-dimensional system via
dimension extension [31, 45, 50].
The unit cell of this model is determined by φ and
α together, and we shall focus on the specific case with
φ = pi and α = 1/4 in this work. In such a case, the model
describes a periodically modulated pi-flux square lattice
with four sublattices as shown in Fig.1(b). For simplicity,
here we takem and n as even numbers and thus the phase
acquired by hopping distributes as displayed in Fig.1(b)
with the flux in each square being pi. Now we rewrite the
Hamiltonian as
H = Ht +HV , (3)
with
Ht =− t
∑
unit cell
[
e−ipiaˆD†m+2,n+4aˆ
A
m+1,n+3 + aˆ
B†
m,n+2aˆ
A
m+1,n+3
+ aˆD†m,n+4aˆ
A
m+1,n+3 + aˆ
B†
m+2,n+2aˆ
A
m+1,n+3
+ e−ipiaˆB†m+2,n+2aˆ
C
m+1,n+1 + aˆ
D†
m,naˆ
C
m+1,n+1
+ aˆB†m,n+2aˆ
C
m+1,n+1 + aˆ
D†
m+2,naˆ
C
m+1,n+1
]
+ h.c.,
and
HV =
∑
unit cell
[V1nˆ
A
m+1,n+3 + V2nˆ
B
m,n+2
+ V3nˆ
C
m+1,n+1 + V4nˆ
D
m,n],
where Vj = V cos (jpi/2 + δ) and nˆ
β
m,n = aˆ
β†
m,naˆ
β
m,n,
where β = A,B,C,D. The summation
∑
unit cell
takes every unit cell as shown by the black rectangle
in Fig.1(b), i.e. Without loss of generality, we set the
hopping amplitude t = 1 hereafter.
Next, we could use Fourier transform aˆβm,n =
1√
LxLy
∑
kx,ky
ei(kxma+kyna)aˆβkx,ky , with a the lattice
constant. kx and ky are wave vectors defined in the Bril-
louin region of Lx ×Ly square lattice. For simplicity, we
take a = 1 hereafter. The Hamiltonian can be written in
momentum space as
H(k) =Ht(k) +HV (k),
Ht(k) =− t
∑
k
[
MaˆD†
k
aˆA
k
+NaˆB†
k
aˆA
k
+MaˆB†
k
aˆC
k
+NaˆD†
k
aˆCk
]
+ h.c.,
HV (k) =
∑
k
[
V1aˆ
A†
k
aˆAk + V2aˆ
B†
k
aˆBk + V3aˆ
C†
k
aˆCk + V4aˆ
D†
k
aˆDk
]
,
with M = eiky2 coskx and N = −e−iky2 sinkx. For con-
venience, we rewrite the Hamiltonian as
H(k) = ψˆ†
k
h(k)ψˆk, (4)
with ψˆk =
(
aˆA
k
, aˆB
k
, aˆC
k
, aˆD
k
)T
, and
h(k) =


−V sin δ M∗ 0 N∗
M −V cos δ N 0
0 N∗ V sin δ M∗
N 0 M V cos δ

 .
By diagonalizing Eq.(4), the energy dispersion can be
achieved as
3E(k, δ) = ±
√
4 +
V 2
2
±
√
16 sin2 2kx cos2 2ky + 4V 2 + 4V 2 sin 2δ cos 2kx +
V 4
4
cos2 2δ. (5)
From the expression of dispersion, we see that the en-
ergy dispersion of Eq.(5) is symmetric about zero energy.
Hence the system at half-filling falls into a metallic phase
if E(k, δ) = 0 is satisfied in certain region of the Brillouin
zone, or an insulating phase otherwise. The zero energy
condition yields{
sin 2kx sin 2ky = 0,
V 2 sin 2δ − 8 cos 2kx = 0. (6)
It is clear that the above condition is fulfilled when ky =
0, pi and cos 2kx = − 18V 2 sin 2δ, which give rise to two
2D Dirac points. Furthermore, one observes that Eqs.(6)
is also fulfilled when kx = 0, pi and V
2 sin 2δ = 8. To see
it clearly, we consider a concrete system with fixed δ =
pi/4 and demonstrate the energy spectrum of the system
for various V in Fig,2. Here we only display the first
Brillouin zone with kx ∈ [−pi/2, pi/2] and ky ∈ [0, pi/2],
as the energy dispersion fulfills E(kx, ky, δ) = E(kx +
pi, ky, δ) = E(kx, ky +
pi
2 , δ). The dispersion also fulfills
E(kx, ky, δ) = E(kx, ky, δ+pi), which introduces a period
of pi for the parameter δ.
From Fig.2, we see that the half-filled system with a
fixed δ carries out a transition from a semimetal to an
insulator phase when the strength V is increased. When
V <
√
8/ sin 2δ, the system is a semimetal with two
Dirac points. While varying V moves positions of the
Dirac points in the Brillouin zone, they merge together at
kx = 0 when V =
√
8/ sin 2δ. As shown in Fig. 2(c), the
merging points form a nodal line L1, corresponding to the
solution of Eqs.(6): kx = 0 and V =
√
8/ sin 2δ, which
is independent of the value of ky. For V >
√
8/ sin 2δ,
Eqs.(6) are no longer fulfilled, and a gap is opened. Vary-
ing δ will modify the critical value of V , which tends to
infinity when δ = 0 or pi/2.
As δ can be continuously changed from 0 to 2pi, it pro-
vides an additional parameter dimension with tunability.
Thus we can take δ as a quasi-momentum, and study
the structure of nodal points in an effective 3D Brillouin
zone of (kx, ky, δ). The separated Dirac points located at
ky = 0 or ky = pi/2 will form some 1D lines L2 along the
third direction of δ, as shown by the blue solid lines in
Fig.3. Here we only show the region with δ ∈ [0, pi] as the
spectrum has a period of pi in δ. Since δ is now considered
as a quasi-momentum, the quasi-3D model has only one
variable parameter V , while the gap closing condition is
provided by Eqs.(6).
The change of the structure of nodal lines for various
V is shown in Fig.3. When V <
√
8, there only exists one
set of nodal lines L2 in kx − δ space at ky = 0 and pi/2.
Increasing V modifies the shape of L2, and these lines
touch together at (kx, δ) = (0, pi/4) and (±pi/2, 3pi/4)
when V =
√
8, as shown in Fig.3(b). Meanwhile, the
FIG. 2. The spectrum of the system for different value of V
at δ = pi/4. From top to bottom, the values of V are (a,b) 2,
(c,d)
√
8 and (e,f) 4, respectively. Figure (b), (d), (f) is the
left view of left figure (a), (c), (e), correspondingly.
other set of nodal lines L1 emerges and connects the
nodal lines of L2. As shown in Fig.3(b), the nodal lines
of L1 and L2 are chained together to form a nodal chain.
When V >
√
8, the nodal chain is split into two separated
nodal chains with each nodal chain composed of L1 and
L2. As shown in Fig.3(c), the nodal lines L1 always con-
nect with L2 at places of kx = 0 and kx = ±pi/2, and
the lines of L2 go through the Brillouin zone along the
kx direction, whereas they go through the Brillouin zone
along the δ direction when V <
√
8. When V tends to
infinity, each separated nodal chain becomes flat as nodal
lines L1 only locate on the same surface with δ = 0 (pi) or
δ = pi/2. It is clear that a transition occurs at V =
√
8,
corresponding to the structure of Fermi surface in the
extended 3D Brillouin zone changing from nodal lines to
nodal chains. We note that a negative V gives similar
results, as the potential strength enters the spectrum re-
lation as V 2.
The topological properties of a nodal line can be char-
acterized by a Berry phase of pi along a trajectory en-
closing the line in the quasi-momentum space. Here we
4FIG. 3. Nodal lines in the extended-3D Brillouin zone with different potential strength, (a) V = 2, (b) V =
√
8 and (c) V = 4.
The red dash-dotted and blue solid lines are for the nodal lines of L1 and L2, respectively, and the black dash and solid circles
are the integral path of γn for corresponding nodal lines.
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FIG. 4. (a) Density of state for the half-filled system with
fixed δ = pi/4. (b) Density of state for the half-filled system
with fixed ky = pi/4. The different color of lines in (a) and
(b) represents different value of lattice size N .
define this trajectory as a small circle in a certain plane
with a phase angle θ, which encloses the crossing point of
the nodal line and the given plane [16]. The Berry phase
for the nth band is defined as
γn =
∮
An(θ)dθ, (7)
with the Berry connection An(θ) given by
An(θ) = −i〈un(θ)|∂θ |un(θ)〉 (8)
and |un(θ)〉 representing the nth eigenstate of the model.
In our model, the nodal lines L1 and L2 are the touching
region of the 2nd and 3rd bands, hence we can charac-
terize these lines solely by γ2. For the nodal lines L2, we
consider a small circle in the kx − ky plane at δ = pi/2
(the black solid circles in Fig.3), with the center of the
circle located at the point of (kx, ky) = (pi/4, pi/2) as L2
always goes through this point. Integrating along the
chosen path (pi/4 + A cos(θ), pi/2 + A sin(θ)) with A the
radius of the circle, we achieve γ2 = pi for all three differ-
ent V . On the other hand, the Berry phase along a tra-
jectory enclosing a nodal line of L1 can be chosen on the
kx − δ plane, which is perpendicular to L1, as displayed
by the black dash line in Fig.3(b) and (c). Numerical
results give γ2 = pi also for each nodal line of L1 as long
as V >
√
8. When V =
√
8, each pairs of nodal lines
of L1 merge into one line, and the corresponding Berry
phase is 0 with modulo 2pi.
To see the change of Fermi surface more clearly, we also
plot the density of state (DOS) versus V for the half-filled
system at some given parameters shown in Fig. 4. The
DOS is defined as
ρ(E) =
1
2N2
2N2∑
i=1
δ(E − Ei)
=
1
2N2
2∑
l=1
N
2
−1∑
i1=−N2
N
2
−1∑
i2=−N2
δ(E − El,i1,i2). (9)
Here El,i1,i2 is the l − th eigenstate with fixed i1 and i2.
i1 and i2 represent different parameters in Fig.4(a) and
(b). In Fig.4(a), we fix δ = pi/4 and take kx =
pi
N
i1 and
ky =
pi
2N i2. In Fig.4(b), we fix ky = pi/2 and take kx =
pi
N
i1 and δ =
pi
N
i2. To numerically calculate δ(E−Ei), we
make an approximation of the function of δ(x) by using
a Gaussian function 1√
piσ2
exp(− x2
σ2
), which approaches
the δ-function exactly when σ → 0. For insulators, ρ(0)
must be zero. The appearance of nonzero ρ(0) means the
emergence of gap closing points. In Fig.4(a), we plot the
DOS at E = 0 versus V by fixing δ = pi/4. With the
increase of the lattice size N , the curves become more
and more smooth and ρ(0) becomes zero when V >
√
8.
A sharp peak appears at V =
√
8, which also gives a
signature of transition from nodal line to nodal chain.
Similarly, in Fig.4(b) we plot ρ(0) versus V by fixing
ky = pi/2. At V =
√
8, there also exists a sharp peak,
5corresponding to the transition point from nodal line to
nodal chain.
III. SUMMARY
In summary, we have studied a periodically modulated
2D pi-flux square lattice model with a tunable phase fac-
tor δ of the periodical modulation potential, which can
be taken as a parameter of the extended spacing dimen-
sion. The model is realizable by engineering the Raman-
assisted hopping of ultracold atoms in a 2D optical lattice
with additional laser beams for the modulation in the y
direction. By analyzing the structure of Fermi surface,
we find that the half-filled system can be either a node-
line or node-chain semimetal and demonstrate a transi-
tion occurring at V =
√
8. When V <
√
8, the system
is a nodal-loop semimetal, whereas it becomes a nodal-
chain semimetal when V >
√
8. The density of state at
E = 0 also gives signature of the transformation from
the nodal-loop to nodal-chain semimetal.
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